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A theory of magnetization dynamics in ferrimagnetic materials with antiparallel aligned spin
sub-lattices under action of spin-transfer torques (STT) is developed. We consider magnetization
dynamics in GdFeCo layers in two cases of magnetic anisotropy: easy plane and easy axis. We
demonstrate that, (i) for the easy plane anisotropy the precession of the Ne´el vector is conical and
the cone angle depends on the STT strength and the value of spin non-compensation, while the
frequency of precession can reach sub-THz frequencies; (ii) for the easy axis anisotropy two regimes
are possible: deterministic switching of the net magnetization and a conical sub-THz precession
depending on the STT strength.
Spin-transfer torques [1] (STT) are widely used to con-
trol and excite magnetization dynamics in ferromagnetic
materials (FM). Under certain conditions, the STT can
overcome damping and set the magnetization in a steady-
state precession [2–4]. The frequency of magnetization
precession in FM is typically defined by the external mag-
netic field and experimentally achievable values usually
lie in the GHz range [5, 6].
The action of STT is not limited to ferromagnetic ma-
terials, STT can act on any other magnetically ordered
materials (xM): antiferromagnets (AFM) [7–9] and ferri-
magnets (FiM) [10]. It has been theoretically predicted,
that magnetization sub-lattices of AFM materials under
application of SST can precess with THz frequencies [11–
15]. A typical configuration of an AFM or FiM THz os-
cillator includes a bi-layer of a heavy metal (typically Pt)
and an xM layer, see Fig. 1. A current running through
the metal generates a spin-current density jsh in the Pt
layer via the spin-Hall effect. In its turn, the spin-current
penetrates into the xM layer and induces STT, τp, on the
spin sub-lattices of xM. Vector p, denoting the STT po-
larization, lies in the interface plane and perpendicular to
the charge current. In the case of an uniaxial (easy axis or
easy plane) AFM the application of STT forces the Ne´el
vector, l, to rotate in a plane perpendicular to the STT
polarization with a constant angular velocity [11–15]:
φ˙ = ωr = σj/αG, (1)
where σ = θSH/(2eST dm) is the STT “efficiency”, j is the
charge current density in the Pt layer, e is the elementary
charge, ST is the total volume spin density of all sublat-
tices, dm is the magnetic material thickness, θSH is the
effective spin-Hall angle, and αG is the effective Gilbert
damping constant [12, 14–18]. Damping in thin layers
is defined by the intrinsic damping and a spin-pumping
process, i.e. loss of the angular momentum back to the
Pt from the magnetic system [17, 18].
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FIG. 1. Sketch showing the geometry of a ferrimagnetic spin-
Hall oscillator
Since the magnetic moments in AFMs are compen-
sated, extraction of the THz signal is difficult. One
of the solutions is to use materials with weak ferro-
magnetism, which have a small spontaneous magnetic
moment, rotation of which emits electromagnetic radia-
tion [19]. Another approach is to use the inverse spin-Hall
effect (ISHE) [16]. Indeed, a steady rotation of the Ne´el
vector generates a spin-current jsp via the spin-pumping
mechanism [18]. The spin-current transfer through the
interface between an AFM or FiM layer to a Pt layer can
be written as:
jsp =
~gr
2pi
l× dl
dt
=
~gr
2pi
ωr
(
z sin2 θ − sin θ cos θ(x+ iy)e−iωrt) , (2)
where θ is the azimuthal angle of l, gr is the spin-mixing
conductance on the interface, and the DC spin-current
is polarized along the z axis (see Fig. 1 and 2). The
AC components of the spin-current (and the AC compo-
nent of the ISHE voltage) vanishes if l rotates in a plane
perpendicular to p, i.e. if θ = pi/2. Unfortunately, this
scenario, known as “proliferation”, is realized in AFMs
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FIG. 2. Schematic representation of the Ne´el vector l rotation
in a ferrimagnetic with uncompensated spins S1 and S2 under
spin transfer torque p
with uniaxial anisotropy, resulting in a zero AC output
voltage [15]. Several approaches have been proposed to
overcome this difficulty, e.g. using materials with biaxial
anisotropy [14, 20, 21] or a nonlinear ISHE feedback [15].
In this Letter we demonstrate that in a FiM with
nearly compensated spins, the spin dynamics is conical,
i.e. θ 6= pi/2. The conical precession generates non-zero
components of spin-current, in contrast with the case of
a fully compensated AFM [14, 15]. Moreover, for an
easy axis configuration, we demonstrate that depending
of the value of the STT, the FiM sub-lattices may ei-
ther switch their ground states or come into a steady
conical precessional motion. As a model ferrimagnetic
material we consider GdFeCo, which demonstrates low
Gilbert damping and has a tunable configuration of mag-
netic anisotropy [22].
Magnetization dynamics in a ferrimagnetic material is
governed by two coupled Landau-Lifshitz equations [23]:
~
dSi
dt
=
(
Si × δW
δSi
+
1
Si
Si × Si ×Ri
)
, (3)
where i = 1, 2 is the sub-lattice index, Si is the ef-
fective spin of each sub-lattice, W is the free energy
per spin of the ferrimagnet, and Ri is the dissipative
term. For uniaxial anisotropy the energy can be written
as: W = 1
2
WexS1 · S2 +
∑
i=1,2Wa(Si · na)2, where
Wex is the exchange energy between two sublattices,
Wa is the anisotropy energy, and na is an anisotropy
axis. The non-conservative term can be written as Ri =
αGδW/δSi − ~σjp.
Here we solve the coupled equations (3) both analyti-
cally and numerically. For the analytical solution we for-
mulate a σ-model, where we substitute the variables Si
with Ne´el and total spin vectors: l = (S1−S2)/(S1 +S2)
and s = (S1+S2)/(S1+S2) (see Fig. 2). We also assume
that |s|  |l|, which is true in ferrimagnets with antifer-
romagnetically ordered but unequal sub-lattices near a
compensation point, i.e. S1/S2 ∼ 1. Also, we assume
na = p = z.
The substitution of the new variables into (3) pro-
duces [23]:
ν l˙+ l×
(
1
ωex
l¨+ αGl˙+ ωaz(z · l) + τz× l
)
= 0, (4)
where dot stands for a time derivative, ν = |(S1 −
S2)/(S1+S2)|  1, is the spin-uncompensation constant,
~ωex =Wex, ~ωa =Wa, and τ = σj. Here ωa > 0 corre-
sponds to an easy plane (xy) and ωa < 0 easy axis (z)
anisotropy. The generalized equation (4) transfers to the
σ-model equation for antiferromagnets if ν = 0 and to
the Landau-Lifshitz equation for ferromagnets, if S2 → 0
and ωex →∞.
To solve equation (4) we switch to a spherical coordi-
nate system, l = x cosφ sin θ+y sinφ sin θ+ z cos θ (see
Fig. 2). Substituting this decomposition into (4) and
projecting on z and x− iy we have:
−νθ˙ sin θ + θ˙φ˙
ωex
sin 2θ + sin2 θ
(
φ¨
ωex
+ αGφ˙− τ
)
= 0,
(5)
νφ˙ sin θ +
θ¨
ωex
+ αGθ˙ − sin 2θ
2
(
φ˙2
ωex
+ ωa
)
= 0, (6)
A steady solution to this system of equations can be
found as: φ = ωrt, cos θ = νωrωex/(ω
2
r + ωaωex).
As one can see from this solution, the Ne´el vector
l rotates around the STT direction, as in the AFM
case [12, 14, 15], but for ν 6= 0 the azimuthal angle
θ 6= pi/2, thus the Ne´el vector never fully lies in the x,y
plane. We can rewrite the relation between the angle and
the rotational frequency in a form:
cos θ = ν˜
ω˜
ω˜2 + sign(ωa)
, (7)
where ω˜ = ωr/ωafmr, ωafmr =
√
ωex|ωa|, and ν˜ =
ν
√
ωex/|ωa| is the effective uncompensation parameter.
We note here that, ν  1, is the small parameter of the
model, however, ν˜ can be larger than 1.
Equation (7) is the central analytical result of this
work: it connects the precession angle θ with the ro-
tational frequency ωr. Ultimately, using (2) and (7) one
can compute the output spin-current jsp as a function
of the electric current j. The x-component of the spin-
current jsp generates an ac electric field in the Pt layer
across the z direction via the ISHE: EAC
z
= ρ⊥je−iωrt =
ρθSHjsp ·xe−iωrt, where ρ is Pt resistivity and ρ⊥ is the
Hall-resistivity (see Fig. 1), which can be computed as:
ρ⊥/ρ = θSH
~gr
2pi
σ
αG
sin θ cos θ. (8)
This simple expression does not take into account a fi-
nite spin-scattering length in Pt and current shunting
3through the FiM layer [24, 25]. Expression (8) can be
further simplified if we assume that damping is defined
only by spin-pumping, which is typical for thin metallic
films (αG ≈ gr/(2piST dm)): ρ⊥/ρ ≈ θ2SH sin θ cos θ.
To illustrate the application of our theory we study a
bi-layer of Pt and ferrimagnetic GdFeCo. For our cal-
culations we use the following parameters [17, 26, 27]:
θSH = 0.1, gr = 5× 1018 m−2, αG = 10−2, ST =
Ms/(geµB) = 5.4× 1028 m−3, ωex/(2pi) = 3.34 THz,
ωa = 12.6 GHz. The spin-uncompensation parameter in
GdFeCo varies with the temperature [26, 28] and mutual
Gd/FeCo concentrations [29, 30]. Specially, GdFeCo can
be grown in two configurations, easy plane and easy axis,
so here we consider two cases: (i) the easy plane is per-
pendicular to the interface (xy), and (ii) the easy axis is
in the interface plane and along the z-axis.
Easy plane. For a case of an easy plane anisotropy,
the ground state of the Ne´el vector is θ = pi/2 and φ is
arbitrary. An application of STT induces an instability,
and the Ne´el vector starts a rotational motion around the
z axis with the frequency ωr defined by (1). Since we do
not consider any second anisotropy, this process does not
have a current threshold [14].
At the same time, the Ne´el vector raises above the xy
plane. The dependence of the angle of precession (alti-
tude angle) θ as a function of the rotational frequency,
ωr, is plotted in Fig. 3(a), calculated using formula (7)
and by numerically solving (3). The analytical and nu-
merical solutions demonstrate practically no discrepancy.
For small values of STT, σj < αGωafmr, the angle of pre-
cession approaches zero as the torque increases, since the
uncompensated moment tries to align with the torque po-
larization, and this behavior can be described as FM-like.
For large values of torque, σj > αGωafmr, the precession
angle rebounds and tends back to pi/2 as the value of the
torque continues to increase. In this regime the AFM-like
dynamics prevails. Remarkably, that the small values of
ν˜ the position of the maximum out-of-plane inclination
(minimum θ) does not depend on ν˜: ωr = ωafmr. The
precession angle reaches minimum θmin = arccos(ν˜/2).
If the effective uncompensation constant is large,
i.e. ν˜ > 2 (note that ν is still very small), the pre-
cession angle can reach the zenith for current densities
jth1,ep < j < j
th
2,ep, j
th
i,ep = αGωafmr/(2σ)
(
ν˜ ∓√ν˜2 − 4).
In this situation, all dynamics stops and the Ne´el vector
fully aligns with p, similarly to the ferromagnetic case.
However, by increasing the values of the STT one can
find a point of the AFM-like instability jth2,ep after which
the dynamics resumes.
The induced Hall resistivity is plotted in Fig. 3(b).
Formula (8) suggests that the maximum output voltage
occurs for θ = pi/4, thus it is derisible to have ν˜ ≈ √2.
However, this exact value can be challenging to achieve
experimentally. Fortunately, our calculations show, that
the value of the Hall resistivity is quite robust against
varying ν˜: decrease of ν˜ from the “ideal value” leads of
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FIG. 3. (a) Altitude angle θ as a function of rota-
tional frequency ωr for various values of the effective spin-
uncompensation parameter ν˜ for the easy plane anisotropy.
Lines—analytical solution (7), dots—numerical solution
of (3); (b) DC to AC Hall resistance as function of the electric
current density in the Pt layer and the rotational frequency
ωr.
a gradual reduction of ρ⊥, although, increase of ν˜ leads
to reducing the bandwidth where the Hall resistance is
maximized.
Easy axis. In the easy axis configuration the Ne´el vec-
tor has two ground states θ = 0, pi. In a compensated
AFM case (ν = 0) these states are fully equivalent. How-
ever, the spin uncompensation removes this degeneracy
with respect to inversion along the z-axis, which leads to
a different behavior of the Ne´el vector for opposite direc-
tions of the STT. In contrast with the compensated AFM
and fully uncompensated FM cases, here two types of in-
stabilities may exist with respect to the STT strength.
One type of instability leads to a FM-like pi radian rev-
olution (switching) of the Ne´el vector from one static
equilibrium to another. Another type of instability leads
to a steady AFM-like rotation of the Ne´el vector.
To find the thresholds of these instabilities we analyze
the stability of (4) near the ground state l0 = ±z. Near
the equilibrium point we can decompose the Ne´el vector
as: l(t) = lzz + lx(t)x + ly(t)y, where lz = ±1. Substi-
tuting this expression into (4) and using lx(t) + ily(t) =
Ψ0e
Γt one obtains:
iνΓlz =
Γ2
ωex
+ ωa + αGΓ− iτ (9)
Here we see that an instability develops when Re Γ > 0.
Solving the former equation and using (1) we find the
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FIG. 4. (a) Equilibrium values of the altitude angle θ as a
function of the rotational frequency ωr for an initial state lz =
−1 and the easy axis anisotropy. Lines—analytical solution,
dots—numerical solution of (3). Hatching denotes the region
of current densities for which ground state lz = −1 is stable,
calculated from (10). To get the same diagram for lz = 1 one
should apply ωr → −ωr and θ → pi − θ (b) DC to AC Hall
resistance as function of the electric current density in the Pt
layer and the rotational frequency ωr.
threshold current density sufficent for an instability:
jth± =
αGωafmr
2σ
(
±
√
4 + ν˜2 + lz ν˜
)
(10)
These two thresholds correspond to two processes: (i)
an AFM-like instability, when the Ne´el vector comes to
a steady motion [12, 14, 15], and (ii) an FM-like anti-
damping switching of the Ne´el vector from one equilib-
rium to another [8].
The dependence of the azimuthal angle for different
regimes for the ground state lz = −1 is illustrated
in Fig. 4(a). Under a large negative current density
j < jth− the Ne´el vector experiences an infinite conical
precession with angle θ defined by (7). In contrast, if the
current density is jth+ < j < −jth− the Ne´el vector switches
its ground state orientation from lz = −1 to lz = 1. Fur-
ther, if the current density overcomes j > −jth− the Ne´el
vector start a precessional motion.
The values of threshold current densities strongly de-
pend on the uncompensation constant. The “phase di-
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FIG. 5. Phase diagram of instabilities in easy axis ferrimagnet
under spin-transfer torques as a function of the spin uncom-
pensation and the current density for lz = −1 ground state.
agram” of the switching and generation instabilities is
shown in Fig. 5. The spin uncompensation increases the
“generation threshold” jth− and decreases the “switching
threshold” jth+ . Therefore, for the generation regime the
FiM should be mostly compensated. However, a small
uncompensation is necessary for the conical precession
of the Ne´el vector for a non-zero spin-Hall resistance (see
Fig. 4(b)). Thus, for the easy axis anisotropy, one should
choose a compromise between the generation threshold
current and the bandwidth of the generation. We also
note that for an ideally compensated AFM (ν = 0)
|jth± | = αGσ−1ωafmr found in [11, 15] for an easy axis
AFM.
Although we considered a particular “spin-Hall” ge-
ometry of a Pt/GdFeCo bi-layer, our theory can be ap-
plied to standard nano-pillar [31] and nano-contact [32]
STNOs where the ferromagnetic layer is substituted by
a ferrimagnetic layer. Since the electronic structure of
rare-earth and transition metals is substantially differ-
ent, we expect a non-zero magnetoresistance in GdFeCo
even at the spin-compensation point. In the STNO geom-
etry the tensor of magnetoresistance has a similar form
as (2), albeit with a different coefficient, thus the conical
precession will allow for a non-zero AC magnetoresitance
component.
In conclusion, we developed a theory of ferrimagnetic
dynamics under a spin-transfer torque. We demonstrated
that the precession of the Ne´el vector in ferrimagnets is
conical and, in contrast with the antiferromagnetic case,
this precession generates a non-zero AC spin current. We
have shown that in a case of small non-compensation it
is possible to achieve sub-THz frequency precession in
typical GdFeCo ferrimagnetic allosy in both cases of easy
plane and easy axis anisotropy.
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